Abstract: This paper deals with the seismic response of the outer shell of a liquefied natural gas storage tank. The concrete shell is considered as three inhomogeneous subsystems, namely; a circular plate of varying thickness on an elastic foundation, a cylindrical wall and a spherical dome. The linear dynamic response of the complete system, subjected to a strong seismic ground motion, is derived in the frequency domain using a semi-analytical approach. The concept of frequency-and wavenumber-dependent dynamic spring stiffness is introduced for the exact satisfaction of the displacement continuity and force equilibrium at the interfaces between the three subsystems. The ground motion is described kinematically in the form of a Rayleigh wave propagating along the free surface of the soil. The influence of the Rayleigh wave speed and of the interference of the structural responses to the horizontal and the vertical seismic ground motion are examined for a particular case.
Introduction
Liquefied natural gas (LNG) tanks are used for the storage of condensed gas at very low temperatures (-165 • C). LNG tanks currently constructed in Europe are full containment tanks and consist of two parts. An inner cylindrical steel tank in which the liquid is stored under operational conditions, surrounded by a concrete outer shell structure for safety reasons (Gillard et al., 2012) . When the structure is subjected to accidental loads, such as an earthquake excitation or a failure of the inner tank, the outer tank should be able to prevent the liquid from escaping at the exterior environment. Design guidelines (EN14620, 2006; NEN-EN 1998 -4, 2006 are strict with regard to this aspect in order to avoid excessive environmental damage from a possible leakage.
The dynamic response of liquid storage tanks subjected to seismic excitation has been the subject of study of numerous researchers in the past few decades (Housner, 1963; Haroun and Ellaithy, 1985; Veletsos and Tang, 1990) . A comprehensive review on the available modelling approaches and failure mechanisms up until 1990 is given by Rammerstorfer et al. (2008) . In general, the methods proposed by different authors for the solution of the fluid-tank-soil interaction problem can be classified into two major groups. On the one hand, one encounters detailed finite element (FE) models which account for the exact geometry of the vibrating system together with the motion of the liquid (Kianoush et al., 2006; Sezen et al., 2008; Zhou et al., 2013) . Finite element models are often coupled to boundary elements (BE) in order to account for the soil-structure interaction (Kim et al., 2002) . Despite the apparent advantage of the FE-BE models in treating complex geometries, these models are computationally slow and thus not very attractive from an engineering point of view. On the other hand, the need to simplify the dynamic analysis of such complex systems has led to the development of simplistic discrete models which are often referred to as mechanical analogues of the actual system. In a discrete model, the various components of the actual system, i.e., outer shell, inner shell, liquid, soil etc., are represented by equivalent point masses, springs and dashpots (Tedesco et al., 1987 (Tedesco et al., , 1989 Malhotra et al., 2000; Drosos et al., 2008; Zhang et al., 2011) . The complexity and the correspondent degrees of freedom of the mechanical analogue can vary based on different underlying assumptions. Such models are very useful for engineering purposes but cannot capture accurately the dynamics of the actual system. Nevertheless, they are incorporated in the majority of the design codes since they can provide realistic estimations of the expected values of the shear force and the overturning moment at the base of the tank for preliminary design purposes (Christovasilis and Whittaker, 2008) .
To overcome the disadvantages of the aforementioned modelling techniques, this paper proposes an alternative method of solution to the addressed problem. The focus is placed on the linear dynamics of the outer concrete shell, without the presence of the liquid inside the inner steel tank, subjected to a seismic ground excitation. In this paper, material and geometrical nonlinearities in the system are not considered. The complete structure is divided into three subsystems, namely a circular plate, a cylindrical wall and a spherical dome, which are modelled as thin shells. The use of the thin shell theory is justified here by the fact that the scale of the variation of the stress (displacement) field is much slower than the largest thickness of the shell structure. The soil is substituted by uncoupled distributed springs both in the vertical and the horizontal direction (Winkler foundation). The linear dynamic response of the complete system is derived in the frequency domain using a semi-analytical approach which is based on the dynamic substructuring technique. The dynamic substructuring technique, together with the Rayleigh-Ritz method, has been previously introduced by Amabili (1997) , Amabili et al. (1998) and Amabili and Garziera (1999) for the solution of similar problems. In contrast to other methods, the concept of frequency-and wavenumber-dependent dynamic spring stiffness is introduced here for the exact satisfaction of the displacement continuity and the force equilibrium at the interfaces between the different subsystems.
Although not explicitly discussed here, the modelling approach adopted in this study allows the introduction of additional substructures, i.e., the soil, the inner steel tank and the liquid, at a later stage without much additional effort since the description of the dynamics of the outer shell will require only some minor modifications. The presence of the inner steel tank can be considered as an additional substructure connected to the outer concrete tank at certain positions. Since the mass of the inner steel tank is negligibly small compared to the outer concrete shell and the liquid motion is not considered here, the effect of the inner steel tank on the dynamics of the total system is expected to be minor. However, the dynamics of the inner steel tank and its interaction with the outer concrete shell needs to be accounted for when the inner tank is filled with liquid since the motion of the latter will significantly influence the dynamic response of the outer concrete shell. The solution presented in this paper does not allow any uplift of the foundation plate from the ground and therefore the solution is limited to those cases in which uplift of the foundation is restrained by anchoring the foundation plate to the ground (mechanically anchored tanks).
The earthquake excitation is described as a propagating wave travelling along the free surface of the soil. To the best of the authors' knowledge, in the models developed so far, the velocity of the surface waves is unaccounted for in the calculation procedure.
The influence of the wave speed is investigated in the frequency domain for various soil configurations. Another aspect that is introduced in the model is the interdependence between the vertical and the horizontal motion of the ground. The coupling of the two directions is inherent when the induced ground excitation is described in terms of a surface wave, but it is almost always neglected in practice. There are only a few cases in which this issue is properly addressed in the literature (Kianoush et al., 2006; Gillard et al., 2012) .
The main original contribution of this paper lies in the introduction of an efficient method for the study of the dynamics of the tank structure together with a novel approach to obtain such a solution based mainly on analytical considerations. As will be shown in the sequel, the approach is remarkably simple in its application; the vibrations of the complete system can be uniquely determined by solving sets of linear ordinary differential equations as well as systems of algebraic equations with high accuracy. Despite its apparent simplicity, the method provides useful insight regarding the vibrations of the shell structure subjected to an earthquake excitation. The model can readily be extended to account for a three-dimensional description of the soil and for the fluid motion inside the steel tank.
The outline of the paper is as follows. In Section 2, the model is introduced and the seismic ground motion is defined. Section 3 introduces the governing equations for each substructure while in Section 4, the solution approach is explained. In Section 5, the model is validated in terms of comparison with results obtained by a detailed FE model of the structure. Section 6 deals with the response of the structure in the frequency domain and includes a parametric study. In Section 7, the response to a real earthquake is studied with the emphasis placed on the investigation of the influence of simultaneously acting horizontal and vertical ground motion. Finally, in Section 8 the main conclusions of this paper are summarised.
Description of the model
In this section, the basic geometrical and material characteristics of the system are introduced. The description of the seismic ground motion in the form of a Rayleigh wave propagating along the free surface of the soil is also discussed.
Geometry of the tank structure
A typical cross section of the outer shell of a LNG storage tank is shown in Figure 1 . The concrete outer shell is divided into three primary substructures; a reinforced concrete circular plate, a horizontally (and/or vertically) pre-stressed cylindrical wall and a reinforced concrete spherical dome. The connection between the plate and the wall as well as the one between the wall and the dome is assumed monolithic which implies that no sliding between the adjacent substructures is allowed. The parameters E, ν and ρ correspond to the Young's modulus, the Poisson's ratio and the density of the various parts, respectively. The geometrical parameter h defines the thickness of the shell at each location which, for certain parts of the structure, can also vary in a cylindrically symmetric manner. A cylindrical global coordinate system is adopted, i.e., (r, θ, z) , in which r is the radial coordinate, θ is the circumferential coordinate and z is the vertical coordinate. The origin of the coordinate system is positioned at the centre of the mid-surface of the base plate as shown in Figure 1 . Figure 1 Typical geometry of the outer shell of a liquefied natural gas storage tank on an elastic foundation (soil) subjected to a ground motion caused by a propagating surface wave
Modelling of the seismically induced ground motion
The soil reaction to the base plate is modelled by uncoupled, frequency-independent, distributed elastic springs (Winkler foundation) as shown in Figure 1 , which resist both the in-plane and the bending motion of the plate. The seismic waves excite the bottom side of the elastic support and the springs transmit the generated forces to the base plate of the tank. The ground motion is described as a plane wave propagating in the global x-coordinate. At relatively large distances from the focus of the earthquake, the ground motion at the surface of the soil is governed by the Rayleigh wave. Consider a propagating harmonic wave in the direction of the global x-coordinate: 
T denotes the amplitude of the wave at the corresponding angular frequency ω and γ R is the Rayleigh wavenumber. If one assumes that the upper soil layers do not show considerable variation in their properties with depth, then the Rayleigh wavenumber can be expressed as γ R = ω/c R (c R denotes here the Rayleigh wave speed).
Usually, recorded seismic ground motions are given in terms of accelerations, rather than displacements, and therefore equation (1) can be rewritten as (the time dependence is hereafter omitted)
in whichã
T is a vector consisting of the amplitude spectrum of the vertical and horizontal input accelerations. A reasonable estimation of the Rayleigh wave speed is given by c R = ζ √ G s /ρ s with ζ = (0.862 + 1.14 ν s ) / (1 + ν s ), and depends on the Poisson ratio of the soil ν s , the soil shear modulus G s and the soil density ρ s . Finally, a projection of the horizontal component onto cylindrical coordinates yields
Thus, for a complete description of the ground motion in the present model one needs to know the amplitude spectra of the input accelerations at the surface of the soil as well as a rough estimation of the speed of Rayleigh waves at the location of interest. As already mentioned, the above representation of the ground motion prerequisites that the examined location lies sufficiently far from the epicentre of the earthquake so that the induced ground motion is governed solely by the Rayleigh wave. Obviously, if one considers a ground motion governed by horizontally polarised shear waves, i.e., SH-wave layer motion, a mathematical representation similar to the one given by equation (3) can be considered with the complete absence of the vertical component of the ground motion. Thus, the current model can be used for the description of the dynamic response of the tank to both Rayleigh-and Love-type surface waves.
Governing equations and analytic derivations
In this section, the governing equations describing the dynamic response of the total system to an induced seismic ground excitation are introduced. At first, the equations describing the bending vibration of the circular plate are given. Subsequently, the in-plane vibrations of the plate are considered. Finally, the equations of motion of the cylindrical wall and of the spherical dome are presented. 
Bending vibration of the plate
The plate is divided into four super-elements as shown in Figure 2 . The equation of motion for each part is given by
= k v w e (r, θ, t) in which w j p (r, θ, t) is the displacement of the plate normal to the mid-surface and j = 1, 2, 3, 4 is an index which corresponds to each super-element. The subscript p refers to the plate, ▽ 2 is the Laplacian defined in the cylindrical coordinate system and D j (r) is the bending stiffness given by D j (r) = E j h 3 j (r)/12 (1 − ν 2 j ). For j = 1, 3, 4 the derivatives with respect to the bending stiffness drop out and the equation is reduced to the classical one of a circular plate of constant thickness (Leissa, 1969) . In equation (4), the term on the right hand-side corresponds to the force induced by the seismic ground motion as described in Section 2.2 and k v is the stiffness of the distributed springs normal to the mid-surface of the plate. The boundary and interface conditions can be expressed as
in which j = 1, 2, 3, ϕ j p (r, θ, t) = −∂w j p (r, θ, t)/∂r and δ 3j is the Kronecker delta. M 1 w,zz and N 1 w,zz correspond to the moment and the vertical force, respectively, both exerted by the wall of the tank at the interface with the plate. In addition to the aforementioned conditions, satisfaction of certain regularity conditions is required at r = 0. In this work, an analytical solution to the plate equation in cylindrical coordinates is applied at r ∼ 0. The expressions for the bending moment and shear force of the plate are given by equations (1.10)-(1.13) in Leissa (1969) . By introducing the Fourier transform pair with respect to time as follows
in which g(t) is understood here as the examined quantity, the set of equations (4) to (9) can be transformed to the frequency domain. A solution to the obtained system of equations can then be found by applying the separation of variables method (Soedel, 2005) , i.e.
with n = 0, 1, 2, ..., ∞ being a positive integer. The tilde over the displacement denotes the complex amplitude in the frequency domain. A substitution of equation (11) into equation (5), a multiplication of both sides by another circumferential mode, i.e., cos(mθ) with m ̸ = n and a subsequent integration over the circumference yields
in which:
By using the integral representation of the Bessel function (Abramowitz and Stegun, 1965) , equation (15) can be expressed as
in which ϵ 0 = 2 and ϵ n = 1 otherwise. The function J n (z) is the Bessel function of the first kind of order n with argument z. Similarly, the boundary and interface conditions can be expressed as a set of ordinary differential equations per circumferential wave numberW
with j = 1, 2, 3. The equations of motion equation (12) together with the set of boundary and interface conditions equations (17) to (21), describe the bending vibrations of the plate per circumferential wavenumber n in the frequency domain. The vertical force and bending moment induced by the wall of the tank are evaluated in Section 4.3.
In-plane motion of the plate
The in-plane vibrations of the plate can be described by the following set of coupled partial differential equations:
In equation (22),
T is the in-plane displacement vector of the mid-surface of the plate which depends on the radial coordinate r, the circumferential coordinate θ and time t. The vector L j p accounts for the in-plane stiffness of the plate (Soedel, 2005) and I is the identity matrix. The vector u e = [u r,e (r, θ, t) 
u θ,e (r, θ, t)]
T represents the seismically induced ground motion in the horizontal plane and k h is the stiffness of the springs along the horizontal direction (shear stiffness). The boundary and interface conditions can be expressed as
with j = 1, 2, 3. V 1 w,zr is the effective shear force along the radial direction exerted by the wall of the tank at the connection with the plate and T 1 w,zθ is the effective shear force along the circumferential direction. N j p,rr and N j p,rθ are the in-plane distributed forces in the plate (Soedel, 2005 ). An analytical solution of the in-plane motion of the plate is considered at r ∼ 0. Following a similar approach as in Section 3.1, a solution to the system of equations (22) to (27) can be obtained by the following substitution:
A substitution of equations (28) to (29) into equation (22) in the frequency domain, after applying the orthogonality of the trigonometric functions, yields
in which the stiffness vector L j p,n contains derivatives with respect to the radial coordinate alone andŨ
. The induced earthquake force can be expressed with the help of the Bessel integrals (Abramowitz and Stegun, 1965) as follows
with:
Note that for the cylindrically symmetric caseF j θ (r, 0, ω) = 0. The boundary and interface conditions, i.e., equations (23) to (27), can also be expressed in the frequency domain per circumferential order n by substitution of equations (28) and (29) into equations (23) to (27) . The detailed expression are omitted here for the sake of brevity.
Vibrations of the cylindrical wall
The wall of the tank is divided into two super-elements; one at the lower part (j = 1) having a varying wall thickness and one at the upper part (j = 2) of constant wall thickness (Figure 3) . The top part of the wall is modelled as a circular cylindrical shell of constant thickness. Due to the relatively long wavelengths excited in the structure by the low-frequency seismic ground motion, it is sufficient to represent the lower part of the wall as a circular cylindrical shell of varying thickness such that the stiffness of the wall along the height is equivalent to that of the actual geometry. The system of coupled partial differential equations describing the linear vibrations of both parts of the wall can then be expressed as (Soedel, 2005) : The boundary and interface conditions are expressed as:
1 Continuity of displacements and rotation at the interface with the plate, i.e., at z = 0 and r = R 3 :
T is the generalised displacement vector of the wall, including the rotational component ϕ
T corresponds to the generalised displacement vector of the plate at the connection with the wall.
2 Equilibrium of normal force, shear forces and distributed moment between the wall and the dome of the tank at z = z 2 :
T is a vector which contains the forces and moment of the wall and
T is a vector which contains the distributed forces and the moment exerted by the dome of the tank at the interface with the wall.
3 Continuity of the displacements in all three directions, continuity of slopes as well as equilibrium of forces and moments at z = z 1 (interface between adjacent wall super-elements):
A transformation of the system of equations (34) to (39) in the frequency domain can be achieved by means of equation (10). The dynamic response of the wall is then given by:
in whichŨ
T is the displacement amplitude vector which is a function of the vertical z-coordinate, the wavenumber n and the excitation frequency ω. The radial and vertical displacement functions are multiplied by the cosine term whereas the circumferential one by the sine term in equation (40) to comply with the motions of the plate and certain symmetry conditions. A substitution of equation (40) into the set of equations (34) to (39), results in a set of ordinary differential equations per circumferential mode of vibration in the frequency domain.
Vibrations of the spherical dome
A spherical coordinate system for the dome of the tank is used, i.e., (ϕ, θ, r) , in which ϕ is the local coordinate along meridian circles, θ as defined previously and r is the normal to the mid-surface of the dome pointing outwards. The dome is divided into two super-elements as shown in Figure 4 . An inner part of constant thickness (j = 1) from ϕ = 0 to ϕ = ϕ 1 and an outer part of variable thickness (j = 2) connected to the wall at ϕ = ϕ 2 . The equations of motion describing the linear vibrations of each part of the dome in the local coordinate system can be expressed as (Soedel, 2005) : 1 For the part of the dome around ϕ ∼ 0 an analytical solution to the equations of motion is applied. For this purpose, the dome is modelled as a shallow thin plate of constant curvature 1/R d according to equations (6.14.7) to (6.14.8) in Soedel (2005) .
2 Continuity of displacements and slopes at the interface with the wall, i.e., ϕ = ϕ 2 :
being a coordinate transformation matrix and u
T corresponding to the generalised displacement vector of the dome at the connection with the wall (j = 2).
The dynamic response of the dome in the frequency domain can be expressed as:
T is the displacement amplitude vector which is a function of the local coordinate ϕ and the circumferential wavenumber n. The displacement functions along the ϕ-and r-coordinates are multiplied by the cosine term whereas the displacement along the θ-coordinate by the sine term in equation (47) in order to comply with the displacements of the wall of the tank. A substitution of equation (47) into the set of equations (41) to (46), results in a set of ordinary differential equations per circumferential mode of vibration at each excitation frequency. 
Solution approach
The resulting set of coupled ordinary differential equations derived in Section 3 need to be solved for each excitation frequency and circumferential wavenumber. In the present section, a method is proposed to obtain such a solution, which is based on the use of the local dynamic stiffness matrices of the super-elements of each substructure together with the use of the effective dynamic spring stiffness matrices at the various interfaces between the three substructures. It is important to mention that the substitution of the various interfaces by effective distributed springs with a frequency-wavenumber dependence is not an approximation and the solution to the problem is exact, as if the total system was solved at a single step. Since the procedure described hereafter has to be repeated for the wall and the dome of the tank, a detailed description is included only regarding the bending motion of the plate and is omitted in the other cases for the sake of brevity. The steps that need to be followed are summarised below: The aforementioned steps are elaborated upon below.
Local dynamic stiffness matrix and force vector of each super-element
The generalised forces and displacements at the boundaries of each super-element ( Figure 5 ), caused by the bending motion of the plate, can be related via a local dynamic stiffness matrix and a force vector as follows
] T is the generalised force vector which consists of the shear forces and bending moments at the boundaries of each super-element
] T is the generalised displacement vector which consists of the vertical displacements and rotations at each edge of the super-element
•K j (n, ω) is a 4x4 local dynamic stiffness matrix which relates the generalised force vector with the generalised displacement vector
•L j (n, ω) is the external force vector. At first, the elements of the stiffness matrixK j (n, ω) are evaluated column by column for each wavenumber n in the frequency domain. By setting the externally applied force in the plate equation (right-hand side of equation (12)) equal to zero and by applying a unit displacement amplitude at the left edge of each super-element, i.e., w j L = 1, the first column of the local dynamic stiffness matrixK j (n, ω) is evaluated. In a similar manner, the rest of the elements of the stiffness matrix can be determined. Second, the elements of the force vectorL j (n, ω) are required. In order to calculate those, the displacements and rotations at the edges of each super-element are set equal to zero whereas the forced version of equation (12) is solved. A similar procedure can be followed for the calculation of the local dynamic stiffness matrices corresponding to the in-plane vibrations each super-element of the plate, the wall and the dome of the tank.
Compilation of the global dynamic stiffness matrix of each substructure
Once the local dynamic stiffness matrices and the external force vectors are determined, the global dynamic stiffness matrix of each substructure can be compiled. Regarding the vertical motion of the plate, the set of boundary and interface conditions, i.e., equations (17) to (21), can be re-written by substituting the forces and moments in terms of vertical displacements and rotations at the edges of each super-element as given by equation (48). This way, the resulting system of algebraic equations consists solely of the unknown displacements and rotations at the edges of each super-element and of the external force vectors. The final algebraic matrix equation that needs to be solved can be expressed as:
in whichK s (n, ω) is a 16 × 16 complex-valued global dynamic stiffness matrix describing the bending vibrations of the plate,ũ s (n, ω) is a vector which consists of the unknown displacements and rotations at the edges of each super-element of the plate andL s (n, ω) is the external force vector which contains all external force sub-vectors as calculated in Section 4.1. Once the effective spring stiffnesses at the interface with the wall are known, the solution of the aforementioned system of equations is uniquely determined. By following the exact same methodology, the final matrices for the case of the in-plane vibrations of the plate as well as for the vibrations of the wall and the dome can be obtained.
Evaluation of the effective dynamic spring stiffness matrices
The solution of the forced response of the system requires the evaluation of two frequency-and wavenumber-dependent dynamic spring stiffness matrices at the interface between the plate and the wall and between the wall and the dome of the tank. The effective spring stiffness matrix at the interface between the wall and the dome of the tank is defined as:
T is the generalised force vector at the connection with the wall of the tank, see equation (38)
T is the generalised displacement vector at the top part of the wall
is a 4 × 4 effective dynamic stiffness matrix of the wall-dome interface.
By applying a unit displacement amplitude in each direction of the global coordinates as well as a unit rotation, the elements of the stiffness matrixK d (n, ω) are evaluated column by column for each excitation frequency and wavenumber n. The procedure is similar to the one used for the determination of the local dynamic stiffness matrices as described in Section 4.1. In Figure 6 , the procedure is shown for the evaluation of the first column of matrixK d (n, ω). Once the stiffness matrix at the wall-dome interface is known, the second vector in the boundary condition given by equation (38) can be substituted by the right hand-side of equation (50).
For the plate-wall interface, the dynamic spring stiffness matrix can be defined in a similar way as:
T is the generalised force vector at the connection with the plate of the tank
T is the generalised displacement vector of the plate at the connection with the wall •K w+d (n, ω) is a 4 × 4 effective dynamic stiffness matrix at the wall-plate interface.
Once the stiffness matrix at the plate-wall interface is known, the boundary conditions given by equations (19) to (20) and (25) to (26) can be substituted by the right hand-side of equation (51).
Figure 6
Calculation of the first column of the effective dynamic spring stiffness matrix at the wall-dome interface Note: A unit displacement amplitude is applied along the global vertical coordinate at the connection with the dome in order to obtain the first column of the dynamic stiffness matrix per frequency ω and circumferential wavenumber n.
Response of the tank for a number of static load cases
In this section, the response of the tank is obtained for a number of static load cases. The solution of the system of equations described in Section 4 is programmed in the programming language Fortran (Intel Visual Fortran Compiler Release V11.0.062). The results obtained with the developed model are compared with the ones of a FE model in order to show that the thin shell theory assumption is generally satisfied. The static response of the tank can be obtained directly by neglecting the inertia terms in the equations of motion of the three substructures. All equations described previously are still valid with the appropriate modification to account for the static forces applied at the shell surface (no seismic excitation in this case).
Geometrical and material properties
The geometry of the model is shown in Figure 7 and the material properties of the various elements of the system are summarised in Table 1 . The load cases considered are the following:
1 the own weight of the tank 2 a varying with height radial pre-stressing of the wall as shown in Figure 8 3 a hydrostatic pressure exerted on the base plate up to a radius of 16 m as shown in Figure 9 by the presence of the liquid inside the inner tank. In order to incorporate the aforementioned static loads, the base plate and the wall are divided into five super-elements. Since the loads are cylindrically symmetric, only the first circumferential mode, i.e., n = 0, is excited.
Model verification
For a direct comparison of the static response, the same structure is modelled in the FE software displacement analyser DIANA (2009). The tank is modelled as a two-dimensional axially symmetric structure in the global X and Y directions with Y being the vertical axis of symmetry. The model consists of CQ16A 8-noded quadrilateral structural elements for simulating the structure above the soil. The soil beneath the tank is modelled by CL12I interface elements with the stiffness values given in Table 1 . The rest of the geometrical and material properties assigned to the model are those given previously.
In Figure 10 , the static displacement normal to the mid-surface of the shell is compared for the two models. Figure 10(a) shows the vertical displacement of the plate of the tank. As can be seen, the results are almost identical for r < 10 m, whereas for r > 10 m the two curves deviate about 10%. The difference between the two models can be attributed to the following two reasons. First, the FE model accounts for the exact geometry of the tapered part of the base plate at 10.8 m < r < 13.8 m, whereas this part is modelled as a thin shell in the semi-analytical formulation. Second, the plate-wall interface has a finite width in the FE model whereas in the semi-analytical model it is localised at a line along the circumference (connection of mid-surfaces of the plate and the cylindrical shell). Figure 10(b) shows the radial displacement of the wall of the tank caused mainly by the pre-stressing load applied in the same direction. The predicted displacements between the two models are quite similar for z < 27 m with a maximum deviation of about 2%. On the contrary, close to the wall-dome interface the displacements predicted by the semi-analytical model are larger. This is caused by the fact that the connection between the wall and the dome is more rigid in the case of the FE model due to the small extension of the wall above the connection with the dome (see Figure 7) . In the semi-analytical model, this part is neglected and therefore the rotational stiffness of the wall at the interface with the dome is smaller which, in turn, results in an increased radial displacement at the upper part of the wall.
Finally, Figure 10 (c) shows the predicted displacement of the dome of the tank in the two cases. The difference in the vertical displacement of the plate at the interface with the wall is about 2 mm. This is almost equal to the deviation of the vertical displacement of the dome between the two models at r = 17.2 m where the interface with the wall is located. Thus, the difference shown in Figure 10 (c) is mainly attributed to the difference in the vertical displacement of the plate at the connection with the wall (the wall has a large in-plane rigidity in the vertical direction). To illustrate this, a rigid body translation of the dome, predicted by the semi-analytical model, by 2.5 mm downwards is shown in the figure by the thick grey line. The difference between the two models is confined now only at r > 10 m. This is again attributed to the following reasons: First, the exact geometry is incorporated in the FE model whereas in the semi-analytical model, the tapered part of the dome is modelled as a thin spherical shell structure. Second, there is a difference in the two models at the connection with the wall as explained previously. Apart from the aforementioned deviations between the two models, which are explicable by the differences in the modelling approach, the two models exhibit very similar behaviour. This serves as a direct validation of the semi-analytical approach discussed in this paper. It worth mentioning that the computational speed of the proposed model is considerably higher than the one of the FE model even for the static case. 
Seismic response of the tank in the frequency domain
In this section, the dynamic response of the tank structure to a base excitation is analysed. A similar model is also developed in the FE software STAAD Pro (2009) (structural analysis and design) and the predictions of the two models are compared. In addition, the influence of the Rayleigh wave speed on the dynamic response of the system is investigated. The basic geometrical characteristics of the structure are already introduced in Section 5. The material properties of the tank and the soil characteristics applied in the dynamic analysis are summarised in Table 1 . The Rayleigh wave speed is estimated at 125 m s −1 . In addition, material dissipation is incorporated into the model in terms of a complex modulus of elasticity in the frequency domain for each substructure, i.e., E * = E (1 + iη), with η = 0.01.
Frequency response functions
The frequency response function (FRF) is defined here as the calculated displacement normal to the mid-surface of the shell due to the application of a unit ground acceleration, i.e.,ã v (ω) orã h (ω), in the frequency domain. Whenã v (ω) = 1, the horizontal acceleration is set equal to zero and we refer to the FRF of the system to a unit vertical ground acceleration. The same way, the FRF to a unit horizontal acceleration is defined.
In Figures 11 and 12 , the modulus of the displacement amplitude
2 (in logarithmic scale) is plotted versus the excitation frequency for the three points listed in Table 2 . The sharp peaks in both figures correspond to some of the natural frequencies of the tank. The fundamental natural frequency of the system is equal to 5.03 Hz and the second one is 7.74 Hz (Figure 11 ). The peaks shown in Figure 12 correspond to modes with significant motion of the wall. No bending motion of the plate is excited for this loading type due to the fact that in the linear regime the bending and the in-plane vibrations of the plate are uncoupled. 1.E-03
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1.E+01 Figure 12 Frequency response functions for the three locations for a unit horizontal ground acceleration
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1.E+00 With the FE software STAAD Pro (STAAD Pro, 2009 ), a numerical model of the tank structure is developed for comparison. The model consists of the dome and the wall of the tank. The plate is not considered in this model and the wall is rigidly connected to the soil. Owing to the absence of the plate, the two models are not exactly equivalent. The first three natural frequencies of the tank as calculated in STAAD Pro are: f 1 = 8.84 Hz, f 2 = 9.09 Hz and f 3 = 9.33 Hz. A comparison of these results with the ones obtained with the developed semi-analytical model shows that the presence of the plate and of the soil (springs) tends to lower the first fundamental frequency of the system. Nevertheless, the non-symmetric modes, which are expected to be excited by the horizontal motion of the ground (Figure 12 ), have natural frequencies close to the ones obtained with the STAAD-model. From Figure 12 one can see that the first peak is located at a frequency of 8.54 Hz. This is slightly lower than the first natural frequency of the FE model (8.84 Hz) which can be explained by the fact that in the latter case the flexibility of the plate at the connection with the wall is unaccounted for.
Influence of the spring stiffness and of the Rayleigh wave speed
The majority of the models used in practice neglect the influence of the wave speed on the response of the system. In fact, this is acceptable only when the wavelength of the seismic waves is at least four times larger than the largest dimension of the system.
Within the frequency range of interest of common earthquakes, i.e., 0.01-20 Hz, and for some typical soil conditions, the wavelength of the surface waves can be of the order of the diameter of the tank. In those cases, the wave speed needs to be considered for a realistic estimation of the dynamic response of the tank. To illustrate this, the response of the system is examined for the four cases summarised in Table 3 . Models A and D differ only with respect to the wave speed of the surface waves (in model D the wave speed is neglected) but are otherwise identical. In general, a change in the spring stiffness should be associated with a change of the Rayleigh wave speed since these two quantities are interrelated. If one accounts for the fact that the shear wave speed c T is proportional to the square root of the shear modulus of the soil, i.e., c T = √ G s /ρ s , then it is reasonable to assume that the spring stiffness will also follow a similar rule, i.e., c T = √ k v . Thus, two soil states can be roughly related by
The knowledge of the spring stiffness for one set of soil parameters, for example, from an in situ geotechnical investigation, results in a rough estimation of the soil stiffness for another set of parameters in terms of equation (52). The values of the spring stiffness of the soil as calculated by equation (52) are summarised in the last two columns of Table 3 based on the reference case (Model A). In Figures 13 and 14 , the FRFs for a unit vertical ground acceleration are shown for the four models and for the positions mentioned in Table 2 . The following conclusions can be drawn:
1 By comparing the predictions of model A and D, a direct conclusion as to the influence of the wave speed on the response of the system can be deduced. As can be seen, the curves which correspond to Model D (wave speed neglected in this model) show fewer peaks along the frequency axis in both figures. This can be explained as follows: if one neglects the speed of the surface waves, then the bending vibrations of the plate are governed by the family of modes with a single wave along the circumference, i.e., n = 0 (cylindrically symmetric modes). All the higher modes for which n > 0 are not excited in this case and therefore the number of peaks in the graph is reduced. The same holds for the FRFs which are related to a unit horizontal acceleration (not shown explicitly here). In this latter case, by neglecting the wave speed only the family of modes with n = 1 (pure asymmetric modes) are excited. The introduction of the Rayleigh wave speed alters the argument of the Bessel functions in equations (16), (32) and (33), which is responsible for the contribution of modes of higher circumferential order n > 1. Apart from the obvious difference in the number of excited modes, the response amplitude of Models A and D is different throughout the examined frequency range.
2 A comparison of Model B (soft soil case) with Model A shows that a lower soil stiffness results in a reduction of the fundamental frequency of the system. As expected, all other natural frequencies are also shifted accordingly as shown in both figures. One can also note that the reduced soil stiffness and the decrease in the Rayleigh wave speed are responsible for the higher amplitudes of the first few modes in comparison to the higher ones.
3 A comparison of Model C (hard soil case) with Model A shows that a higher soil stiffness is associated with an increase of the fundamental frequency of the system and is responsible for the relatively lower amplitudes of the first few modes in comparison to the higher ones.
4 The wavelengths of the Rayleigh component of the induced ground motion are closely related to the soil parameters and the excitation frequency. For the reference case (Model A) and for a frequency of 1 Hz, the Rayleigh wavelength is about 125 m which is approximately four times the diameter of tank. Thus, it is to be expected that for frequencies larger than 1 Hz (which in fact are very common in earthquake engineering), the exclusion of the wave speed can lead to inaccurate predictions of the dynamic response of the system.
In conclusion, one can say that the results are sensitive to the chosen soil parameters and that the wave speed seems to play a crucial role in obtaining accurate predictions of the dynamic response of the tank. It is also to be expected that for structures of larger diameter, the influence of the wave speed will be even more important for the reasons explained previously. 1.E-03
1.E+01 
Response to a real earthquake
In this section the response of the tank to an artificial ground excitation is discussed. For the purposes of this study, the input acceleration is composed by the following three seismic recordings as retrieved from PEER Ground Motion Database (2014): Kalamata-Greece (1986), Drama-Greece (1985) , and Volos-Greece (1980). The three seismic recordings are superimposed and scaled accordingly in order to generate the strong ground motion shown Figure 15 (a) with significant energy throughout the frequency range [Figure 15(b) ]. By using recordings from actual earthquakes and not simply design acceleration spectra, the influence of the interference of the structural responses to the horizontal and the vertical seismic ground motion can be revealed. The analysis presented hereafter is restricted to Model A of Table 3 .
Simultaneously induced horizontal and vertical ground motions
The amplitude of the frequency response function to a combined horizontal and vertical seismic ground excitation is given by
|F (ω)| denotes here the amplitude of the displacement, force or stress field in the frequency domain,F v (ω) andF h (ω) are the frequency response functions of the correspondent component of the field for a unit vertical and horizontal acceleration amplitude, respectively. In order to evaluate the right hand-side of equation (53) correctly, the knowledge of the real and the imaginary parts of the input acceleration spectra is essential. To illustrate this, the response of the system to the simultaneously acting horizontal and vertical ground motion is calculated in two ways: at first by using equation (53) and subsequently by using the simplified form (which neglects any interference between the horizontal and vertical ground motion) expressed as
Note that equations (53) and (54) are essentially different since the latter does not contain any interference between the vertical and the horizontal ground motion which is inherently present in equation (53). If one would apply design acceleration spectra of the ground motion to find the response of the system to a simultaneously acting horizontal and vertical ground excitation, a superposition of the responses in the form of equation (54) is inevitable. In Figure 16 , the response of the wall at the interface with the plate (see Table 2 ) is shown for the two cases. It can be concluded that equation (54) significantly overestimates the values of the bending moment at low excitation frequencies. Similar results are obtained in other locations of the shell structure and for several field quantities but are omitted here for the sake of brevity.
Response in the time domain
In Figure 17 , the vertical displacement of the plate of the tank for two positions is shown. Point A is positioned at a radial distance of 5.4 m from the centre of the plate and at an angle of θ = 0 radians. Point B is positioned at a radial distance of 15.5 m from the centre of the plate and at an angle of θ = π radians. The maximum displacement induced by the ground motion is approximately equal to 4.1 cm and is almost the same at both locations. The shift of the two curves in time is associated with the finite speed of the Rayleigh waves (c R = 125 m s −1 ). In Figure 18 , the position at which the maximum bending moment occurs (at the connection with the plate) is plotted together with the horizontal acceleration of the ground for comparison. As can be seen, the maximum bending moment in this case is equal to 550 kN m. The evolution of the bending moment in time follows, albeit with a small time delay, the horizontal ground motion and diminishes gradually at time advances. 
Conclusions and discussion
In this paper, a computationally inexpensive, yet realistic, model is developed for the prediction of the dynamic response of a liquefied natural gas storage tank subjected to seismic ground excitation. In contrast to the widely used FE method, an alternative approach is adopted here in which the dynamics of the concrete outer shell is described by the thin shell theory. The model consists of three main substructures, namely: a circular plate on an elastic foundation, a circular cylindrical shell which represents the wall of the tank and a spherical dome shell which refers to the concrete cap positioned at the top side of the wall. The various substructures are inhomogeneous and the thickness of the shell is allowed to vary in a cylindrically symmetric way. The soil is described by uncoupled distributed springs in all directions and the earthquake excitation is introduced as a Rayleigh wave propagating along the free surface of the soil. The main focus is placed on the theoretical development of the model and on the description of an elegant method of solution to the final system of coupled ordinary differential equations. The linear dynamic response of the complete system is accomplished in the frequency domain using a semi-analytical approach which is based on the dynamic substructuring technique. The concept of frequency-and wavenumber-dependent dynamic spring stiffness is introduced for the exact satisfaction of the displacement continuity and the force equilibrium at the interfaces between the different substructures. It is important to mention that the substitution of the various interfaces by effective distributed springs with a frequency-wavenumber dependence is not an approximation and the solution to the problem is exact as if the total system was solved at a single step. Apart from the theoretical development, the influence of a number of parameters on the final response of the system is examined too. It has been shown that the wave speed can influence significantly the response of the system and should therefore be accounted for, especially when tanks of relatively large dimensions are considered. Finally, the response of the system to a real earthquake is analysed. It is shown that the knowledge of the real and the imaginary parts of the input ground accelerations in the frequency domain is essential for the correct estimation of the response of the structure subjected to simultaneously acting horizontal and vertical ground motions.
